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Abstract 
If ~ is a functional of moments and satisfies the equation D(~b~) + ~,~ = 0, where q~(x) and 0(x) are arbitrary 
polynomials but with the only condition deg(0)>/1, then ~ is said to be a semiclassical functional. When ~ is 
semiclassical nd regular, its corresponding orthogonal polynomial sequence (OPS), (Pn(x))ff= 0, is called a semiclassical 
OPS. 
In this paper integral representations are given for semiclassical functionals, regular or not, in cases: (A) deg(~b) >
deg(O) and (B) deg(q~) ~< deg(~k), but in the latter case when deg(~b) = 0. 
The fundamental result is the following: if #~, with n ~> 0, are the moments of an (A)-functional then I/~, I ~< CM". This 
allows us to find integral representations for (A)-functionals using standard techniques taken from Pollaczek (1951). 
Keywords: Semiclassical functionals; z-transform 
1. Introduction 
Semiclassical orthogonal polynomials were introduced in [3, 9], and are a natural generalization 
of the classical polynomials. Maroni I-4, 6], working on the linear functional of moments, has given 
a unified theory of this kind of polynomials. 
A semiclassical functional ~ satisfies the distributional equation 
D(~b~) + O~ = O, (1.1) 
where ~b(x) is a monic polynomial and ~b(x) is a polynomial of degree greater than or equal to one. 
As usual ~b~ is the linear functional on P (the linear space of complex polynomials) defined by 
(t~l~, p )  = (t~, Cp) .  
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Here DE is the distributional derivative, 
<0£, p> = - <£, p'> 
and ( ,  > are the duality brackets. 
If £ is semiclassical nd fulfils (1.1) then, for every / /e  P 
D( I IO£  ) + (F I~ -- Fl 'dp)£ = 0 
also holds. 
However, if £ is regular, the polynomials 4) and ~, of minimum degree such that D(~b£) + ~,£ = 0 
are unique, see [6-1, and if s = max{deg(~b) - 2, deg(~) - 1}, £ is called semiclassical of class s. 
Thus, semiclassical orthogonal polynomials of class s = 0 are the classical polynomials (see [6]). 
For any positive integer value of s, two cases appear in Eq. (1.1): 
(A) deg(~b) = s + 2 and 1 ~< deg(~,) ~< s + 1, 
(B) deg(~) < s + 2 and deg(ff) = s + 1, 
we then say that the equation is of type (A) or (B) and £ is an (A) or (B)-functional, respectively. 
One of the problems is the integral representation of the functional of moments, started in [2-1 
and continued in [7-1, for classical polynomials. Belmehdi [1-1 has studied this problem for 
semiclassical polynomials of class s = 1. In the present work, for (B)-functionals of any class s, 
integral representations are given provided that ~b(x) is a constant, i.e., of degree zero. Integral 
representations are also given for all (A)-functionals of any class s. 
2. Preliminary results 
If 
The equation D(~b£) + ~,£ = 0 is equivalent to 
(D(~b£)+O£,xn>=0 fo rn=0,1 , . . . .  
(~(X) = Ao Xs+ 2 + "" + As+2, @(X) = BoX ~+1 + ... + B~+I, 
the above equation implies that the moments #, = (£,  x"> satisfy the linear equation 
- n (Ao#n+s+l  + "'" + As+2l, tn-1) + Bo#n+s+I  + "" + Bs+lgn  = O. 
Thus, if the equation is of type (B) or of type (A) and Bo is not a positive integer, we have 
-- n(All~n+s + "'" + As+ z l ln-1)  + Bl[dn+s + "" + Bs+ llAn 
#,+s+ l = Aon  - Bo 
(2.1) 
with the convention Ao --- 1 for those of type (A), and Ao = 0 and Bo ¢- 0 for those of type (B). As 
a consequence, the set of solutions is a linear space of dimension s + 1. 
The case when Ao = 1 and Bo is a positive integer gives two possibilities. 
(i) Eq. (2.1) for n = Bo is independent of the preceding ones for n = 0, 1 .... , B0 - 1. In this case, 
the first moments are equal to zero and they do not play any role; otherwise ~ would not be regular. 
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(ii) If the corresponding equation for n = Bo is a linear combinat ion of the preceding ones, for 
n < Bo, then there is one addit ional independent parameter and so the linear space of solutions has 
dimension s + 2. 
Therefore, the problem of solving the functional equation (1.1) is reduced to finding a basis of the 
space of solutions for each case. 
When (•1 ,  "'" , "~p) is a basis for the space of solutions of the equation D(~b£) + ~£ = O, we say 
that (£1 . . . .  , £v) is a fundamental  system of solutions (FSS) of the functional equation. 
The moments/an = (£ ,  x n) of a semiclassical functional fulfil the following bounding properties. 
Proposition 1. I f  9. is a semiclassical (A)-functional then there exist a positive integer N and positive 
constants C and M such that 
IPnI <<, CMn for  n >~ N. 
Proof. Let 
dp(X) = X s+2 + A1 xs+l + "" + A~+2, 
then 
-- n(lAn+s+ 1+ Al~n+s + 
Therefore, for n > Bo, 
Let 
- n(Al#n+s + "'" 
~n+s+l 
~b(x) = Box ~+1 + ... + B~+I; 
• " +As+21.tn_ l )+BoPn+s+ 1  ... +Bs+tp  n=O 
+ As+2~n-1) + Bllgn+s + "'" + Bs+l#n 
n -- Bo 
for n ~> 0. 
K = max{IA i l ,  IBjI: i = 1, ... ,s + 2; j  = 1, ... ,s + 1}; 
then 
IPn+s+ll 
nK( l~n+A + "" + I~tn-, I )  + K( l~n+~l + ... + I~nl) 
n -- B o 
n+l  
~<- -g ( lPn+s[  + 
n - Bo 
• " + I~n- l l )  
2K(l~zn+~l + -.. + I~n-~l) 
for n greater than some N ~ N. 
Now define ~ = max {I/~o[, ... , [#N +2+11}. We consider a new sequence (fin) such that 
{ f in=~ if n=0,1 , . . . ,N+s+l ,  
~n+~+i=2K( f in+~+ "'" +~n-1)  if n>N.  
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By construction, (fin) is a nondecreasing sequence such that 1/~, I ~< fn for all n; then, here defining 
M, 
fin+s+1 <<- 2K(s + 2)fin+s - -  Mfin+s for n > N. 
Hence, 
fN+s+i ~ Mi-lfN+s+l for i >/2. 
This means that Iml ~< f .  ~< CM", with C = fN+s+~ and an appropriate modification of the 
constant M. [] 
Proposition 2. I f  £ is a semiclassical (B)-functional, there exist a positive integer N and positive 
constants C and M such that 
I#nl % CMnnl for n >~ N. 
Proof. Since the equation is of type (B), 
ok(x) = A lX  s+~ + ... + As+z, ~O(x) = Bo x~+~ + ... + Bs+I where Bo # 0. 
Then, for n/> 0, 
Let 
~n+s+l 
n(Aa#n+s + "" + As+2#. - l )  -- (Bl#n+s + "'" + Bs+x#n) 
Bo 
K = max{lAil, IBj['i = 1, ... ,s + 2;j  = 1, ... ,s + 1}; 
then 
I#n+s+xl ~< 
nK(l~,+s[ + ... + [Pn-l[) + K(I/z.+~I + "'" + [/a~l) 
IBol 
(n + 1)K 
~< (Im+sl + ... + Im- l l ) .  IBol 
Let ~ = max{l#ol, . . . ,  I#sl}. If (fn) is the sequence defined as 
(n + 1)K(fin+ ~ 
fo . . . . .  f s - -  a, ~=+s+l- - IBI + " '"  "{- ]~n-1) ,  
then (f ,)  is nondecreasing and I~nl ~< fin" Also 
(n + 1)K 
fn+s+ ~ <<- (S + 2) fn+s = (n + 1)M.fn+s. 
IBol 
Consequently, 
fn+s+l ~ (n + 1)!Mn, fs ~ (n + s + 1)! Mn, fs, 
and ]#n[ <% n! Mnc  now follows. [] 
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3. Integral representation for (A)-functionais 
When ~ is a semiclassical functional and satisfies an equation of type (A), it follows from 
Proposition 2 that the moments satisfy I#,1 ~< CM". Therefore, the z-transform (or Stieltjes 
expansion) 
S(z )  = - 
P. 
n=0 zn+ l 
is an analytic function at least outside the disk B(0, M). 
From the formula of Laurent we obtain 
1 f, S(z)z" dz 
/~" = 27ti , 
and so 
p(x))  = S(z)p(z)dz,  
where Y is the circumference of any circle centered at the origin of the z-plane and radius greater 
than M. This technique was described in [8]. 
Now it is known, see [6], that the formal Stieltjes expansion of a semiclassical functional satisfies 
a differential equation (¢(z)S(z))' + O(z)S(z) = D(z) where D(z) is a polynomial of degree s at most. 
When S(z) is an analytic function an alternative proof is given here. 
Proposition 3. Let ~d be semiclassical functional of class s satisfying an equation on type (A) 
D(~b~) + 0~ = 0. Let S(z) be the Stieltjes function of 9,. Then 
(49(z)S(z))' + O(z)S(z) = D(z), (3.1) 
where D(z) is a polynomial of degree less than or equal to s whose coefficients are linear functions of the 
moments I~o, ... , Ps. 
Proof. If the linear functional ~ given by 
p(x))  = S(z)p(z)dz 
satisfies D(¢~) + 0 f  = 0, then 
2~i { - d~(z)S(z)p'(z) + O(z)S(z)p(z) } dz = O. 
Using integration by parts gives 
f {(~(z)S(z))' + O(z)S(z)} p(z)dz = 0; 
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but this implies that the principal part of (dp(z)S(z))' + ~(z)S(z) is equal to zero. Calculating the 
Laurent expansion and equating the principal part to zero we obtain 
(~b(z)S(z) ) '  -}- I~(z)S(z) = - ~ (s 4- 1 - k) E AillJ zs-k -- ~ E BillJ Zs-k = O(z), 
k=O i+j=k k=O i+j=k 
where Ai and Bi are the coefficients of ~b(x) and ~(x), and Ao = 1. [] 
As in [6], the polynomial D(z) is 
O(z)  = 
where i/,9o ~ is given by 
p(x)  - p(O) (,9op)(x) - for every p(x)E •, 
X 
and 
(i~p)(x)= ~ E a,#J x"-k, 
k=O i+j=k 
with ai the coefficients of p(x), #j the moments of ~ and n the degree of p(x). 
Taking into account the above result, the Stieltjes function of any (A)-functional has to be 
a solution of this differential equation, and so 
1 
S(z, K) =  exp( fD(z)exp( f~dz)dz} .  
Therefore, in order to find an integral representation of any (A)-functional, we proceed as 
follows. 
(1) Determine the independent parameters in the linear equation of the moments. 
(2) For a given choice of those parameters, the first moments / to , . . . ,  #~ and the polynomial D(z) 
are determined, and solving the equation of the Stieltjes function for these values, we obtain a set of 
functions S(z, K). 
(3) By calculating the first few terms of the expansion of each S(z, K) (the first one may even be 
enough), Ko is obtained in such a way that S(z, Ko) is the required function S(z). 
In particular, when the degree of ~9(x) is s + 1 and the leading coefficient of ¢(x) is not a positive 
integer, the dimension of the space of solutions is s + 1 and Po,-.. ,Ps can be chosen as the 
independent parameters. For each canonical choice 
k 
(#o, ... ,#s) -- (0, . . . ,  1, ... ,0) k -- 0,. . .  ,s, 
we obtain 
So(z) = S(z, Ko), ... , S~(z) = S(z, Ks) 
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whose corresponding functionals are obviously linearly independent and thus every functional 
which is a solution can be represented in this required form, 
(Yd, p (x ) )  = ~ 2kSk(Z)p(z) dz. 
k=O 
Example. Consider the distributional equation 
O(xat2) + [(a - 3)x 2 + bx]  12 = 0 (3.2) 
with a ~ 2, 3 ,4 , . . . .  
Let t2 be a functional of moments uch that Eq. (3.2) holds and let/~, be its moments. Then 
b 
#,+2 n -a+3#"+l '  n~>0. (3.3) 
Let 121 and 122 be the solutions of (3.2) such that 
(121, 1) = 1, (121, X) = 0, 
(122, 1) = 0, <122, x) = 1. 
Taking into account (3.3), it is clear that the Stieltjes function associated with 121 is Sl(z)  = 1/z 
and so 
1 fcp(Z)dz, (121, p (x ) )  = z 
where C is the circumference of any circle centered at the origin of the z-plane and radius greater 
than zero. 
Now let S2(z) be the Stieltjes function associated with the functional of moments ~2. The 
differential equation (3.1) associated with the distributional equation (3.2) is 
(z3S(z)) ' + [(a - 3)z 2 + bz]S(z )  = {(a - 1)z + b} (12, 1) + (a -  2)(~2, x).  
In particular, for 122, we obtain 
(z3S2(z)) ' + ((a - 3)z 2 + bz)S2(z)  = a - 2, 
whence S2(z) has to be one of the following functions: 
S(z, k) = z -ae  b/z k + (a - 2) za-3e-b/Zdz = kz - "e  b/z + (a - 2) n! ~ Z a) z-("+Z~eb/Z 
n 
from which S2(z) = S(z, 0) and it follows that 
(~2,p(x) ) - -a - -2 fcP(Z)eb/~ =o ( -b )n+l  2hi n!(n + 2 -- a) z-("+ 2)dz' 
where C is the circumference of any circle centered at the origin of the z-plane and radius greater 
than zero. 
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As a consequence,/f there is some regular, semiclassical functional 9. such that its irreducible 
distributional equation is (3.2), see Remark (3), ~2 can be represented as a linear combination of ~ 
and ~2. Moreover, if (~, 1) = ct and (~, x)  =//,  then 
1 fc {eS,(z) + ~S2(z)}p(z)dz. ( 9~, p(x) ) = ~ i  
Remark. (1) It is clear that in case a = 2 the corresponding Stieltjes function for the functional ~2 
is S2(z ) = z-Ze b/z. 
(2) When 9. satisfies the equation 
D(x29-)  -I- {(a - 3)x -Jr b} 9- = 0, 
then the functional ~* = x-  1 9- defined by 
(x-19-' P(X)) = <9-'P(x) -- P(O) 
(3.4) 
satisfies Eq. (3.2). Therefore, ~2 can be represented in the form 
1 Ic p(z) - p(O) S(z) dz, (~2, p(x)) = ~ z 
where S(z) is the Stieltjes function associated with the Bessel functional 9- with first moment equal 
to one. 
(3) Eq. (3.2) has regular solutions because, since ~1 = 60 and ~2z = x-19-, every solution of 
(3.2) has the form ~ = 260 +/~x- 19- where 2 and ¢/are constants. Then, choosing a and b such that 
~3 is regular ((3.4) is the Bessel equation), 2 and fl can be taken in such a way that P. is regular 
(see [5]). 
4. Integral representation of (B)-functionals 
Let ~o(z) be a differentiable function and 7 a complex curve such that 
(C1) (~b(z)~o(z))' + ~(z)oo(z) = 0 for every z~y, 
(C2) ?p(z)~o(z)p(z)le = 0 for every polynomial p(z). 
Then the functional 
<!~, p(x)> : f,  p(z)o)(z) dz 
satisfies 
<O(~be) + 0e ,  p(x)> = ~ { - (9(z)o~(z)p'(z) + O(z)to(z)p(z)} dz; 
& 
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on integration by parts this is equal to 
= - 4)(z)co(z)p(z)l~ + f~ {(q~(z)~o(z))' + O(z)oo(z)}p(z)dz = O, 
whence £ is a solution of the functional equation. 
4.1. Equation (Bx) 
We now consider the case q~(x) = 1 and deg(0) = s + l. After a linear change in the variable, see 
[1], we can assume, without loss of generality, that the leading coefficient of O(x) is equal to s + 2. 
Then the equation can be written as 
(B1) D£ + ((s + 2)x s+x + qs(x))P~ = O, 
where qs(x) is a polynomial of degree less than or equal to s. 
The function 
~o(z) = exp( - z ~+2 + [Is+ l(z)), 
where I]~+ 1(z) is a primitive for - q~(z), fulfils the condition (C1) above. 
Let %, . . . ,  e~ + 1 be the s + 2 roots of the unity and let eo = 1. We consider, for each k, the line Fk 
defined by 
z~(z) = ~kx, 0 <~ x < oo, 
then the function ~o(z) tends to zero if z tends to infinity and z is on Fk. 
Let Yk be the union of Fo and - Fk for k = 1 .... , s + 1. Then 
o~(z)p(z)l,~ = 0 
and (C2) above holds. Therefore, the functionals (~1,... , £~+ 1) defined by 
(~-k, p(x)) = ~ co(z)p(z)dz 
Jy 
k 
are solutions of the equation (Ba). 
Proposition 4. (£1,... , £s+ 1) is an FSS of(B1). 
Proof. We will prove that the functionals .~*, . . . ,  ~*+ 1 defined by 
<~*, p(x)) = ~ co(z)p(z) dz 
dF k 
are linearly independent. Thus, £~, . . . ,  ~+ ~ will be linearly independent too and hence they will be 
an FSS. 
248 F. Marcellhn, I.A. Rocha/Journal of Computational nd Applied Mathematics 57 (1995) 239-249 
s+l  
Suppose 52k= 02k~* = 0. It follows that 
~ 2k!~,x  "(s÷2)+i =0 fo rn>10and i=0, . . . , s+ l .  (4.1) 
k=O 
Besides, 
( ~ ,  Xn(s+ 2)+i )  = f O o~ik+ l xn(S+ 2)+iexp(- xS+ 2 + H (O~kX) ) dx, 
and substituting x s + 2 = y,  
- 1 
Then the linear system (4.1) can be written as 
fo fo yne-Yy~i-s-1)/~s+2) ~'~ )~k~ik+lexp(II(~kyl/~s+2)))dy = y"e - r f i (y )dy  =0,  k=O 
n>~O, i=O, . . . , s+ l. 
For each i = 0 . . . .  , s + 1, the above equation implies that the Laplace transform Fi(t) off,(y), 
and all of its derivatives, are zero for t = 1. Thenf~(y) = 0 for y > 0. 
Therefore, 
s+l  
2k~, +1=0 fo r i=0 . . . .  , s+ l  
k=O 
and 2o . . . . .  2~+ 1 = 0 because it is a Van der Monde system. [] 
Acknowledgements  
The authors wish to thank the referees for their useful suggestions and comments, in particular, 
for the information about I-3, 8]. 
The author F. Marcellfin has been partially supported by Comision Interministerial de Ciencia 
y Tecnologia (CICyT) of Spain under the contract PB89-0181-C02-01. 
References  
[1] S. Belmehdi, Formes linraires et polyn6mes orthogonaux semi-classiques de classes = 1. Description et classifica- 
tion, Thrse de Doctorat d'Etat, Univ. Pierre et Marie Curie, Paris (1990). 
I-2] J.L. Geronimus, On orthogonal polynomials with respect to numerical sequences and on Hahn's theorems, lzv. 
Akad. Nauk. 4 (1940) 215-228 (in Russian). 
[3] E.N. Laguerre, Sur la reduction en fractions continues d'une fraction qui satisfait/l une equation diffrrentielle inraire 
du premier ordre dont les coefficients sont rationnels, J. Math. Pures Appl. 1 (1885) 135-165 (reprinted in his 
"Oeuvres"). 
F. Marcellhn, I.A. Rocha/Journal of Computational nd Applied Mathematics 57 (1995) 239-249 249 
[4] P. Maroni, Prol6gom6nes ~il'6tude des polyn6mes emiclassiques, Ann. Mat. Pura Appl. 149 (1987) 165-184. 
[-5] P. Maroni, Sur la suite de polyn6mes orthogonaux associ6e ~i la forme u = 6c + 2(x - c)- 1 ~, Period. Math. Hunyar. 
21 (1990) 223-248. 
[-6] P. Maroni, Une th6orie alg6brique des polyn6mes orthogonaux. Application aux polyn6mes orthogonaux semi- 
classiques, in: C. Brezinski et al., Eds., Orthogonal Polynomials and their Applications, IMACS Ann. Comput. Appl. 
Math. 9 (Baltzer, Basel, 1991) 95 130. 
[7] R.D. Morton and A.M. Krall, Distributional weight functions for orthogonal polynomials, SlAM J. Math. Anal. 
9 (1978) 604~626. 
[-8] F. Pollaczek, Families de polyn6mes orthogonaux avec poids complexes, C. R. Acad. Sci. 232 (1951) 29-31. 
[9] J. Shohat, A differential equation for orthogonal polynomials, Duke Math. J. 5 (1939) 401-417. 
